The graph grabbing game is a two-player game on a weighted connected graph in which two players, Alice and Bob, alternatively remove non-cut vertices one by one to gain the weights on them. Alice wins the game if she gains at least half of the total weights. In this paper, we show that on every connected even graph which does contain a fully spiked cycle as an induced subgraph, Alice always has a winning strategy with an arbitrary weight function whose codomain is {0, 1}. In addition, we give a list of forbidden subgraph for the family of graphs on which Alice has a winning strategy with an arbitrary weight function whose codomain is {0, 1}.
Introduction
In this paper, every graph is assumed to be simple and finite unless otherwise stated. A weight function on a graph G is a map w from V (G) to a set of real numbers. A graph G with a weight function w is called a weighted graph. In this paper, we only deal with weighted graphs, so we sometimes omit "weighted". For a connected graph G, a vertex x is called a cut vertex if G − x is disconnected, and called a non-cut vertex otherwise. An even (resp. odd ) graph is a graph having an even (resp. odd) number of vertices.
The graph grabbing game is a two-player game on a weighted connected graph. Two players, Alice and Bob, alternatively remove a vertex in each of their turn and take the weight on it. The game rule is that Alice is the starting player, and in each turn, the player must take one of the noncut vertices of the current graph so that the remaining vertices still form a connected graph. After all the vertices are taken away, Alice wins the game if and only if she gains at least half of the total weight.
The graph grabbing game was introduced by Winkler [5] . In his book, he showed that Alice has a winning strategy on every even path and that she does not have a winning strategy on some odd path. Knauer et al. [2] proved that Alice can always gain at least half of the total weight on every even cycle. Micek and Walczak [3] showed that Alice guarantees at least quarter of the total weight on every even tree. Then they gave a conjecture that Alice always has a winning strategy on every even tree. This conjecture was solved by Seacrest and Seacrest [4] and then they conjectured that Alice can win the game on every connected bipartite even graph. Egawa et al. [1] supported this conjecture by showing that Alice can win the game on every even K m,n -tree. Now we introduce the following notations and restate the previous results.
Definition 1.1. For a positive integer k, let A k be the set of connected graphs on which Alice has a winning strategy with an arbitrary weight function whose codomain consists of k real numbers. Let A = ∞ k=1 A k . We note that A 1 ⊃ A 2 ⊃ A 3 ⊃ · · · . Therefore A is the set of connected graphs on which Alice has a winning strategy with an arbitrary weight function. We also note that A 1 is the set of connected graphs and A 2 is equal to the set of connected graphs on which Alice has a winning strategy with an arbitrary weight function whose codomain is {0, 1}. It is easy to see that Alice cannot win the game on the graph in Figure 1 as long as Bob plays optimally, which implies A 1 A 2 . Definition 1.2. For a positive integer k, let H k be the set of graphs G satisfying the property that every connected subgraph of G induced by a vertex subset of an even size belongs to A k . Let H = ∞ k=1 H k . We note that H 1 ⊃ H 2 ⊃ H 3 ⊃ · · · . Therefore H is the set of graphs G satisfying the property that, on every connected subgraph of G induced by a vertex subset of an even size, Alice has a winning strategy with an arbitrary weight function. By Definitions 1.1 and 1.2, if a connected even graph belongs to H k (resp. H), then it belongs to A k (resp. A). We also note that H 1 is the set of graphs. Yet, there is a graph not belonging to H 2 (which will be presented in Figure 4 ), which implies H 1 H 2 .
It is clear that, for a positive integer k, the property that a graph belongs to H k is hereditary, that is, for any graph in H k , all of its induced subgraphs belong to H k . Therefore the property for a graph to be in H is also hereditary.
Following our terminology, the results of [2] , [4] , and [1] can be restated as follows: [4] , [1] ). All the cycles and K m,n -trees belong to H. Theorem 1.3 supports the conjecture given by Seacrest and Seacrest [4] , which can be restated as follows:
Conjecture 1.4 ([4]). Every bipartite graph belongs to H.
In this paper, we put our focus on the family H 2 . We will show that every graph which does not contain any "fully spiked cycle" as an induced subgraph belongs to H 2 , which consequently asserts that every interval graph belongs to H 2 . Then we present a list of forbidden subgraphs for H 2 .
Main Results: On the family H 2
In this section, we study on the family H 2 . We use the following notations. On a connected graph G with 2k vertices, we denote by a i and b i the vertices which Alice and Bob take in their ith turn, respectively, for i = 1, . . . , k. In addition, we assume that every weight function has the codomain {0, 1}. Definition 2.1. Let G be a connected graph with at least three vertices, x be a leaf, and y be the unique neighbor of x in G. If y is not a cut vertex of G − x, then we call x a spike in G.
For a connected graph G, we denote the set of non-cut vertices of G by Ω(G). 
Proof. (⇒)
Suppose that x is a spike in G. Let y be the neighbor of
, then we are done. Suppose Ω(G) = V (G), i.e, G has a cut vertex. Take a cut vertex z in G. Let C 1 , C 2 , . . . , C k (k ≥ 2) be the components of G − z. Without loss of generality, we may assume x ∈ V (C 1 ). Assume |V (C 1 )| ≥ 2. Then V (C 1 − x) = ∅ and so (G − x) − z has at least k components. By the way, G − x is connected by the hypothesis that x is a non-cut vertex. Therefore z is a cut-vertex in G − x. Assume |V (C 1 )| = 1, i.e., V (C 1 ) = {x}. Then z is the unique neighbor of x and so x is a leaf in G. Since x is not a spike in G and G has at least three vertices, z is a cut-vertex in G − x. Therefore
For an integer n ≥ 3, the fully spiked n-cycle, denoted by C * n , is defined to be the graph obtained from the cycle C n by attaching a leaf to each vertex of C n , that is, V (C * n ) = {x 1 , . . . , x n , y 1 , . . . , y n } and E(C * Figure 2 ). If n is even (resp. odd), then C * n is called a fully spiked even (resp. odd ) cycle. A graph is said to be C * -free if it does not contain the fully spiked n-cycle as an induced subgraph for any integer n ≥ 3. Proof. Suppose, to the contrary, that G has a cycle C every vertex on which is a cut-vertex of G. Then there exists a chordless cycle, say H : For each i = 1, . . . , n, let X i be the component of G − v i containing V (H − v i ) and let w i / ∈ V (X i ) be a neighbor of v i in G. For convenience, let V = V (H) and W = {w 1 , . . . , w n }. Then (V \ {v i }) ∪ (W \ {w i }) ⊂ X i for each i = 1, . . . , n. In addition, since w i / ∈ V (X i ), w i is neither equal to nor adjacent to any vertex in (V \ {v i }) ∪ (W \ {w i }) for any i = 1, . . . , n. Therefore the subgraph of G induced by V ∪ W is isomorphic to the fully spiked cycle C * n , which contradicts the hypothesis that G is C * -free.
The following theorem is one of the main results of this paper.
Theorem 2.4. Every C * -free graph belongs to H 2 .
Proof. Let G be a C * -free graph. To show that G ∈ H 2 , take a connected subgraph H of G induced by a vertex subset of an even size. Clearly H is C * -free. We prove that Alice has a winning strategy on H by induction on |V (H)|. If |V (H)| = 2, then Alice certainly has a winning strategy on H = K 2 . Assume that Alice always has a winning strategy on H when |V (H)| ≤ 2k for some positive integer k. Suppose |V (H)| = 2k + 2. Let w : V (H) → {0, 1} be an arbitrary weight function on H.
If H is a tree, then Alice has a winning strategy on H by Theorem 1.3 and we are done. Suppose that H is not a tree.
Case 1.
There is a vertex in Ω(H) of weight 1. Alice takes a vertex in Ω(H) of weight 1 as a 1 . Then w(b 1 ) ≤ 1 = w(a 1 ). The graph H − {a 1 , b 1 } is obviously C * -free and still connected by the game rule. In addition, H − {a 1 , b 1 } is a subgraph of G induced by 2k vertices. Therefore, the induction hypothesis tells us that Alice has a winning strategy on H − {a 1 
w(b i ) and Alice can win the game on H. Case 2. Every vertex in Ω(H) has weight 0. Since H is not a tree, H has a cycle. By Lemma 2.3, H has a non-cut vertex x on the cycle. Alice takes x as a 1 . Since x is a vertex on a cycle, x is not a spike in H and so, by Proposition 2.2, Ω(H − x) ⊂ Ω(H). By the case assumption, every vertex in Ω(H − x) has weight 0, so w(b 1 ) = 0. Again, we apply the induction hypothesis on H − {a 1 , b 1 } to conclude that Alice wins the game on H.
Hence G ∈ H 2 and this completes the proof.
Corollary 2.5. Every interval graph belongs to H 2 .
Proof. Let G be an interval graph. By a well-known property that an interval graph is C * 3 -free, G is C * 3 -free. In addition, since no interval graph contains an induced cycle of length at least four, G is C * n -free for any n ≥ 4. Hence the corollary follows from Theorem 2.4.
For a family F of graphs, a graph H is said to be forbidden for F if no graph containing H as an induced subgraph belongs to F .
For a positive integer k, let C k be the set of graphs which are forbidden for H k . Then C 1 ⊂ C 2 ⊂ C 3 ⊂ · · · . We note that C 1 = ∅ and that ∞ k=1 C k is the set of graphs forbidden for H. Theorem 2.4 tells us that no C * -free graph belongs to C 2 . Then it would be interesting to ask whether the fully spiked cycles belong to C 2 . Proof. Let k ≥ 4 be a positive even integer. It suffices to show that C * k ∈ H 2 . Let w : V (C * k ) → {0, 1} be an arbitrary weight function. We note that whatever Alice and Bob take in their first turn, C * k − {a 1 , b 1 } is C * -free and so Alice can win the game on C * 
w(b i ) and so Alice wins the game on C * k . Case 2. |{x ∈ V (C * k ) | w(x) = 1}| is odd Suppose that there is a leaf of weight 1. Alice takes one of the leaves as a 1 . Then w(a 1 ) ≥ w(b 1 ). Since Alice can win the game on C * k − {a 1 , b 1 }, she can win the game on C * k . Suppose that every leaf has weight 0. Since k is even and |{x ∈ V (C * k ) | w(x) = 1}| is odd, there is a vertex on a cycle of weight 0. Alice takes a leaf whose neighbor has weight 0 as a 1 . Then w(a 1 ) = 0 = w(b 1 ) and so Alice wins the game on C * k . Proposition 2.7. Every fully spiked odd cycle belongs to C 2 .
Proof. Let k be a positive integer and let w : V (C * 2k+1 ) → {0, 1} be a weight function on C * 2k+1 defined so that all the leaves have weight 0 and the other vertices have weight 1. It suffices to show that Bob has a winning strategy on C * 2k+1 with the weight function w in order to assert that C * 2k+1 ∈ C 2 . (R1) If Alice takes y 2i−1 (resp. y 2i ) in her turn for some i ∈ {1, . . . , k}, then Bob immediately takes y 2i (resp. y 2i−1 ) in his next turn.
(R2) If Alice takes x 2i−1 (resp. x 2i ) in her turn for some i ∈ {1, . . . , k}, then Bob immediately takes x 2i (resp. x 2i−1 ) in his next turn.
Now we explain why Bob can obey the rules. It is clear that Bob can obey the rule (R1) since y 1 , . . . , y 2k are leaves. Suppose that Bob had successfully obeyed the rule (R2) until the (j − 1)st turn for some j ∈ {1, . . . , k}. Assume that Alice took either x 2i−1 or x 2i for some i ∈ {1, . . . , k} as a j+1 . By symmetry, we may assume that a j+1 = x 2i−1 . Since Bob had obeyed the rules (R1) and (R2) until the jth turn, x 2i have not been taken by anyone. Then Alice must have taken a j+1 = x 2i−1 as a leaf and this implies that y 2i−1 had been taken before the (j + 1)st stage. Therefore, by (R1), y 2i had also been taken before the (j + 1)st stage, so x 2i becomes a leaf or the last vertex after Alice's (j + 1)st turn. Thus Bob can take x 2i as b j+1 in his (j + 1)st turn to obey the rule (R2). Hence Bob can always obey the rules (R1) and (R2) in every turn.
As a result, w(a i ) = w(b i ) for each i = 2, . . . , k + 1. Since w(a 1 ) < w(b 1 ), Bob wins the game by following this strategy.
Remark 2.8. By Proposition 2.7, the fully spiked cycle C * 3 illustrated in Figure 4 does not belong to H 2 . On the other hand, it is easy to see that any graph G with at most five vertices is C * -free and so, by Theorem 2.4, G ∈ H 2 . Therefore, among the graphs not in H 2 , C * 3 is one with the smallest number of vertices. By the way, C * 3 is the only graph among the graphs with six vertices and containing a fully spiked cycle as an induced subgraph. Thus 
Concluding remarks
In this paper, we showed that a graph G belongs to H 2 if G is C * -free (Theorem 2.4). Then we presented the fully spiked odd cycles as forbidden subgraphs for H 2 (Proposition 2.7). This implies that a graph G belongs to H 2 only if G is C * n -free for any odd integer n ≥ 3. We would like to ask whether the converse is true. To prove Conjecture 3.1, it suffices to show that every graph which contains a fully spiked even cycle as an induced subgraph but does not contain a fully spiked odd cycle belongs to H 2 , which is supported by Proposition 2.6. Now we give another conjecture.
Conjecture 3.2. A graph G belongs to H if and only if G is C *
n -free for any odd integer n ≥ 3.
If Conjecture 3.2 is true, then Conjecture 1.4 is also true.
